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1 Introduction 

In recent years there have been striking developments in the study of the algebraic iiT-theory of 
fields (see [31], [T^], [7|). These developments have resulted in the identification of the i?2-term of 
a spectral sequence converging to the algebraic X-theory of fields (rather a mod-p version of it) in 
terms of Galois cohomology, and have resolved long standing conjectures of Milnor and Bloch-Kato 
in the area. In particular the £'2-term depends only on the separable Galois group of the field. 
These results raise a pair of questions. 

• For a field F, is there a construction depending only on the separable Galois group Gp oi 
F, which reconstructs the full iiT-theory spectrum of F, rather than an i?2-term of a spectral 
sequence? Can such a construction be made functorial for inclusions of subfields and the 
corresponding inclusions of separable Galois groups? 

• The conjectures of Milnor and Bloch-Kato are cohomological statements about the separable 
Galois group, specifically that the cohomology is generated in degree one and that the relations 
are quadratic. Are there properties more closely connected to the structure of the separable 
Galois group as a group which are relevant? 

A conjectural answer to the first question in the case of geometric fields (i.e. fields containing an 
separably closed subfield k) was proposed in [6] , and proved in the case of abelian separable Galois 
groups. The proofs in [6j relied on an a priori explicit understanding of the algebraic X-theory of 
F, as well as the complex representation theory of Gp, and therefore could not directly lead to a 
proof of the conjectures in [6]. The contributions of the present paper are now as follows. 



1. The observation that absolute Galois groups of geometric fields share the property of total 
torsion freeness, together with an analysis of some simple properties implied by this property. 
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This property is far from generic among torsion free groups, as examples readily show. The 
property has interesting implications for the representation theory of the group. 

2. Proof that the conjectures in [6] can be interpreted as the statement that a map from a fixed 
point spectrum to a mapping spectrum from a certain equivariant pro-scheme into the K- 
theory spectrum is an equivalence. So, an analogue of homotopy fixed points are computed 
in the category rather than in the usual homotopy category of spaces. This computation 
uses in an essential way the totally torsion freeness of the absolute Galois groups. 

3. As a corollary to point 2 above, one finds that the conjectures in [6] can now be viewed as 
statements about the invariance of homotopy fixed point sets in the category. This leads 
to a strategy for proving these conjectures which we expect to explore in future work. 

We now elaborate a bit on this discussion. To describe the program in broad terms, we recall from 
[6] that there is a map of spectra 

ap ■■ K{Repk[GFW ^ K{F)^ 

called the representational assembly where Gp denotes the separable Galois group of a geometric 
field F, ReplGp] denotes the category of finite dimensional continuous representations of the profi- 
nite group Gp over the algebraically closed ground field k F , and where (— )^ denotes a certain 
derived completion construction, the technical aspects of which were studied in [5]. The conjecture 
is that this map is an equivalence for geometric fields. A difficulty in approaching this problem 
is that the K{Rep[GF])'^ does not share the same good formal properties (e.g. localization and 
devissage) which the i^-theory construction enjoys, which makes it difficult to begin any kind of 
inductions. In this paper, we restrict ourselves to the case where Gi? is a pro-p group, where p is 
prime to the characteristic of F, and identify -fC(i?ep[Gi?])^ with K{BGf)p, where BGp is a pro- 
scheme which plays a role in A^ -homotopy theory similar to the role played in ordinary homotopy 
theory by the classifying space BGp (which, since Gp is a profinite group, is a pro-simplicial set). 
More generally, if is a smooth scheme over Spec{k), where A; is a an algebraically closed field, 
with action by Gp, we consider the equivariant iiT-theory K'^''{W), which is a module over the 
commutative ring spectrum K{Repk[Gp]), and show that (Theorem 19.11 and Corollarv l9.ip 

K^P{W)^ ^ K{£Gp X W)^ ^ K^^{£Gp x W)^ (H) 

where £Gp is a Gi^-equivariant pro-scheme whose orbit pro-scheme is BGp. The X-theory functor 
is extended to pro-schemes by setting it equal to the corresponding homotopy colimit of spectra. 
Note that in the case W = Spec{k), K^F{W) is the cate gory of finite dimensional representations 
of Gp, and so this simply the map ap mentioned above. We note that this equivalence can only be 
proved for totally torsion free pro-p groups, and also that due to the representability of algebraic 
X-theory in A^-homotopy theory, the right hand side can be viewed as a Gp- homotopy fixed point 
spectrum of K{W) computed in the A^ category. If we consider the case W = Spec{F), where F 
denotes the algebraic closure of F, it can be shown that 

K^^iSpeciF)) ^ K{F) (1-2) 
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and further that K{F)^ = K{F)p, where K{F) is given a K {Repk[G F])-module structure via the 
equivalence (jl-2p above. It follows that the equivariant map Spec{F) — )• Spec{k) induces a map 

which after making the identifications described above is identified with the representational as- 
sembly ap. Therefore, in order to prove that ap is an equivalence, it will suffice to prove that f^p 
is an equivalence. Since (3f can also be identified with the map 

K^^{£Gf) = K^^{£Gf X Spec{k)) K^^{£Gf x Spec(F)) 

it is clear that what is now required is a rigidity statement for the functor K'-'^ {£Gf x — )p or 

equivalently the functor K{£Gf x — )p . We will return to this rigidity question in a future paper. 

Gf 

Because of the representability of algebraic ii'-theory in the homotopy theoretic setting, K{BG) 
can be interpreted as a mapping spectrum F{BG, K{k)). This suggests an analogy between our 
results and those of Atiyah [Ij and Atiyah-Segal [2] on the mapping spectrum of the classifying 
space of a finite group, or even a compact Lie group into the periodic X-theory spectrum. Their 
results are stated in terms of completions of homotopy groups as modules over the representation 
rings of the finite or compact Lie groups in question, but it is not difficult to see that they can be 
reinterpreted as space level statements about derived completions over the equivariant i('-theory 
spectrum. Our theorem, then, can be stated as the precise analogue for the Atiyah-Segal theorem 
with periodic X-theory replaced by algebraic /C-theory and compact Lie groups replaced by profinite 
groups which are totally torsion free. It is interesting to speculate about how one might generalize 
the results to profinite groups with the totally torsion free hypothesis removed. One possibility is 
that the space £G might no longer be free, but might instead resemble the universal space for the 
family of finite subgroups in the G. We hope to return to these questions as well in a future paper. 

The author wishes to thank P. Diaconis, D. Dugger, L. Hesselholt, T. Lawson, G. Lyo, I. Madsen, 
D. Ramras, R. Vakil, and K. Wickelgren for numerous helpful conversations on this work. 

2 Preliminaries 
2.1 General 

We will assume that the reader is familiar with the theory of ring spectra and modules over them, 
as well as the notion of a commutative ring spectrum. We will use the version of this theory which 
uses symmetric spectra, which is presented in [25]. In particular, we will assume the reader is 
familiar with the standard choices of model structures on this category, and the associated notions 

of cofibrant objects, as well as HomA(M, N), MAN and universal coefficient and Kiinneth spectral 

A 

sequences converging to them. We will also assume familiarity with homotopy limits and colimits in 
this category. Throughout the paper, a spectrum will mean a symmetric spectrum, a ring spectrum 
will mean a symmetric ring spectrum, and a commutative ring spectrum will mean a commutative 
symmetric ring spectrum. 
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We will also require the notion of a special pro-object and a special Ind-object. We let N denote the 
set of non-negative integers, regarded as an ordered set using the linear ordering, and therefore also 
as a category in which there is a unique morphism from m to n if and only if m > n, and so that 
Mor{m, n) = if m < n. By a special pro-object in a category C_ we will mean a functor N — )• C, 
and by a morphism of special pro-objects we will mean a natural transformation of functors. The 
category of special pro-objects in C_ will be denoted by sProC. A special Ired-object and a morphism 
of such are defined in the dual way. 

2.2 K-theory 

In this paper, we will use the Waldhausen version of A'-theory, constructed in |32j using his 5- 
construction. This construction takes as its input a category with cofibrations and weak equivalences 
or a Waldhausen category, which is more general than the input required for Quillen's original BQ 
construction in |23) . Waldhausen shows that the exact categories of Quillen can be used to construct 
a Waldhausen category, and that when the S, construction is applied to this Waldhausen category, 
the result is equivalent to Quillen's construction. The advantages of the Waldhausen construction 
are that it simultaneously carries the structure of a symmetric spectrum and a ring spectrum, and 
moreover admits devissage and localization arguments. We state the results we will need in this 
paper. 

Proposition 2.1 Let C denote a symmetric monoidal abelian category, which is strict as a monoidal 
category. Let K{C) denote the S construction on the corresponding Waldhausen category. Then 
K{C) is a naturally a commutative ring spectrum. 

Proof: The fact that K{C) is a ring spectrum is proved in p^. The commutativity result is a 
direct extension of the methods of [H]. □ 

Proposition 2.2 Let C ^ D be an inclusion of symmetric monoidal abelian categories, both of 
which are strict as monoidal categories. Suppose further that we are given an abelian subcategory 
intermediate between C and D, so we have C E Q D, and that the monoidal pairing of D, when 
restricted to C x E has its image in E. Then the spectrum K{E) is naturally a module over the 
commutative ring spectrum K{C), and further any inclusion E ^ E' of such subcategories induces 
a homomorphism of K{C) -module spectra. 

Proof: Follows directly from the methods of [14] . □ 

Proposition 2.3 Let A <^ B be a Serre subcategory in an abelian category B, and let the quotient 
category B/A be defined as in \29^ . Then there is a homotopy fibration sequence of spectra 

K{A) K{B) K{B/A) 
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Moreover, if A is symmetric monoidal, and strict as a monoidal ahelian category, then K{B) and 
K{B/A) are in a natural way module spectra over the commutative ring spectrum K{A), and the 
map K[B) — ?■ K{B/A) induced by the inclusion B ^ B/A is a morphism of K (A) -module spectra. 

Proof: This is Waldhausen's localization theorem in [32|, together with a straightforward applica- 
tion of the methods of [H]. □ 

2.3 Equivariant algebraic K-theory 

We will fix a separably closed ground field k throughout this paper. We will also occasionally use 
the notation * to denote Spec{k). Let X denote a Noetherian scheme over Spec{k), on which a 
finite group G acts by automorphisms. The action is given by a homomorphism p : G ^ Aut{X). 

Definition 2.1 By a G-twisted X-module, we will mean a coherent X-module Mequipped with 
a k-linear G-action so that g ■ (am) = a^{g ■ m) for all g £ G,a £ Ox, and m € M. G-twisted 
X -modules form a category whose morphisms are the equivariant X -linear maps, and in fact admits 
the structure of an exact category in the sense of Quillen 123^ by restriction of the usual structure 
from the category of all A-modules without G-action. We denote this category by Mod'~'(X). 

One can now consider the algebraic X-theory of this category, and denote it by K'^{X). Note that 
this means that we are considering what is usually referred to as G-theory or i^'-theory. Since all 
schemes we will be considering will be smooth, this distinction will not affect the i^-theory spectra, 
but will make computational devices such as localization more directly available. In the case of a 
point, i.e. X = Spec{k), we have that is simply the category of finite dimensional A;-linear 

representations of G. t:q{K'~^ [k)) is then the /c-linear representation ring Rk[G]. In particular, if 
either (1) Ghar{k) = or (2) Ghar{k) is relatively prime to #(6*), then ■kqK'^{*) is isomorphic 
to the usual complex representation ring or character ring of G. K^{*) is a commutative ring 
spectrum. It is also equipped with an augmentation e : K'~'{*) — )• K{*), which forgets the G 
action, and for which applying ttq induces the usual augmentation on representation rings, which 
we also refer to as e. Let Ik[G] denote the augmentation ideal, i.e the kernel of e. We consider any 
Noetherian scheme X over Spec{k) with G action, and let 7ro{X) denote the (finite) set of connected 
components of X. The group G acts on the set 7ro(X), and we let {[xi], . . . , [x„]} denote an orbit 
decomposition of ttq{X), with each Xi an orbit representative. Let Gi denote the stabilizer of the 
component Xi , let Xi denote the subscheme consisting of points belonging to the components in the 
orbit [xi], and let Xi denote the set of points belonging to the component Xi. Xi is a G-subscheme, 
and Xi is a Gj-subscheme. The we have the following result. 

Proposition 2.4 There are equivalences of K^{*) -module spectra 

n n 

K^{X)^WK^{Xi)^WK^^{Xi) 

i=l i=l 
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We recall that for the action of a finite group G on a scheme X, there is always an orbit scheme 
X/G (see [22]). We have the following result in the special case of a free G-action. 

Proposition 2.5 Suppose that the action of G on X is free in the sense that it is free on the set of 
all points, where a point denotes a morphism Spec{F) — >• X for some field F containing k. Then 
there is a natural equivalence K'~'{X) = K{X/G). 

Proof: The equivalence of categories from which this equivalence results is proved in [16]. □ 
We also have the following more specialized result. 

Proposition 2.6 Let X be any free G-k-scheme. Suppose that X is smooth, of finite dimension 
d. Then the ideal I[G]'^^ annihilates the ttqK^ {*) -modules iXiK^^X). 

Proof: We consider first the case of a field extension over k. In this case, we are given an action 
of the group G on F, with fixed point subfield , and the iiT-theory of the associated category 
of descent data is equivalent to the category of finite dimensional vector spaces. In particular, 
'KqK'^ {Spec{F)) is isomorphic to Z, and the homomorphism 

Rk[G] ^ -KoK^i*) K^{Spec{F)) ^ Z 

can clearly be identified with the augmentation e. It follows that I[G] annihilates tt^K'-' {Spec{F)) . 
This result also clearly also applies to the situation where the action is on a disjoint union of 
schemes of the form Spec{F), as one readily sees by Proposition 12. 4[ In the general case, we have 
the Gersten filtration on the category of modules over X, as in Theorem 5.4 of [23j. It is clearly 
invariant under the action of G, and further the subquotients are identified with equivariant K- 
theory spectra of disjoint unions of spectra of fields. It follows that the homotopy groups of the 
X-theory spectra of the subquotients in the Gersten filtration are annihilated by I[G]. An easy 
inductive argument now gives the result. □ 

We suppose we are given a scheme X and a continuous action by a profinite group G =lim Gi. 

Continuity here simply means that the action factors through one of the finite quotients Gi. Let 
I{X) be the full left filtering subcategory of all i G / such that the G-action on X factors through 
Gi. Then we define the equivariant K-iheovy spectrum K'~'{X) to be the homotopy colimit 

hocolim K^' {X) 

iei(x) 

K^{X) is a ring spectrum for profinite G as well, by the results of [25J, and the above results clearly 
apply in this context as well. 

2.4 Homotopy properties 

Let G be any finite group, and let G act by automorphisms on a vector space V over a field k via 
a representation p. We suppose that is relatively prime to char{k). We may form the skew 
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polynomial ring A;[y]p[G] (see [13 )> and it is clear that the category Mod (F) {V is regarded as an 
affine scheme) is equivalent to the category of finitely generated modules over the regular Noetherian 
ring /!;[l/]p[G]. Let Rep;j[G] denote the category of finite dimensional A:-linear representations of G, 
which can be identified with the category of finitely generated modules over the group ring k[G]. 
We have an inclusion i : k[G] ^ k[V]p[G] and a projection vr : fe[^]p[G] — )• k[G] of rings. The 
following result is now an immediate consequence of Theorem 7 of |23] . 

Theorem 2.1 The ring homomorphisms i and vr give rise to exact functors 

k[V]p[G] -:Repfe[G]^ Mod^{V) 

k[G] 

and 

k[G] - : Mod^(y) ^ Repfc[G] 

k[V]p[G] 

Both functors induce equivalences on K-theory spectra. 
2.5 Completions 

We recall from [5] that given a homomorphism of commutative ring spectra f : A ^ B, and an 
^-module M, one may construct the derived completion Mj>. Here are some examples of this 
construction. 

Example: Any commutative ring may be thought of as a commutative ring spectrum via the 
Eilenberg-MacLane construction. If f : A ^ B is a surjective homomorphism of commutative 
Noetherian rings, and M is a finitely generated A-module, then the derived completion Mj> is the 
Eilenberg-MacLane construction on the usual completion Mj^, where / is the kernel of /. 

Example Let / : 5° Mp be the mod p Hurewicz map, and let X be any spectrum (and therefore 
an S'''-module) . Then Xj> is the usual Bousfield-Kan notion of completion of the spectrum at the 
prime p (see [1]). 

Example: Let A = R[7jp\ be the representation ring of the additive group of the p-adic integers, 
defined as the direct limit of the representation rings of the finite cyclic p-th power order groups. 
Let / : j4 — )• Fp be the augmentation followed by reduction mod p. Then Aj is equivalent to the 
p-adic completion of the integral group ring of the simplicial group of points on the circle group. 
In particular, the homotopy groups are = Zp for dimensions and 1, and are = otherwise. 

It has a number of useful properties which can be found in [5j, and we record some of them here. 
Let / : A — 7- i? be a homomorphism of commutative ring spectra. 

Proposition 2.7 Suppose that 
is a cofibration sequence of A-modules 

is also a cofibration sequence. 



M N P 
. Then the naturally defined sequence 
M'> ^ N'> ^ P'> 
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Proposition 2.8 Suppose we are given a homomorphism \ : M ^ N of A-modules. Suppose 

further that the derived smash product map ids f\ \ : B f\ M ^ B f\ N is an equivalence of spectra. 

A A 

Then the natural map Xj : Mj — )• Nj is an equivalence of spectra. In particular, i/ i? A M ~ *, 
then AIj ~ *. 

Remark: By the derived smash product, we mean the smash product construction apphed to 
cofibrant replacements for M and N. If they are already cofibrant, then one can apply the smash 
product directly. 

Proposition 2.9 Let f : A ^ B be a homomorphism of {—!)- connected commutative ring spectra, 
with 7ro(/) surjective, and let M be an A-module. Let I denote the kernel of ^^{f). Suppose that 
the TToA-modules ttjM are such that for each j, there is an integer ej so that I^j • ttjM = {0}. Then 
the natural map ry : M — )• Mj is an equivalence. 

Proof: Theorem 7.1 of [5] reduces us to the case where A is the ring ttqA, B is the ring ttqB, and 
M is a module for which I^M = {0} for some e. We then obtain the finite filtration 

{0} = I'^M C r-^Af C . . . C I^M CIM CM 

each of whose quotients is annihilated by /. It follows from (6) of Proposition 3.2 of [5] that 
T] : I^M/I'^^^M — )• (I^ M / 1'^'^^ M)j is an equivalence. A straightforward application of Proposition 
12.71 now gives the result. □ 

The following technical criterion will be useful in later sections. 



Proposition 2.10 Let 

MqH Mih IVhh ■■■ 

be a directed system of module spectra over the commutative ring spectrum A. Suppose further that 
we are given a homomorphism f : A ^ B of commutative ring spectra. Finally, suppose that the 
I nd- groups 

■kAB a Mo) TTtiB A Ml) irAB A M2) ^ • • • 
AAA 

are Ind-trivial. Then the A-module M^q = hocolim Mr satisfies B A A/qo — *; CLnd therefore 
{Moo)'} ^ *. 

Proof: Because smash products are colimit constructions, it is possible to commute the construc- 
tions B A — and colim, which shows that B A M^o — *. □ 

A A 

One situation in which one can prove that the hypotheses of Proposition 12.10] are satisfied is treated 
in the following result. 
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Proposition 2.11 Suppose f : A ^ B is a homomorphism of (—1)- connected commutative ring 
spectra, which is surjective on ttq, and suppose L is a connective commutative A-algebra. Let 
I A ^ ttqA denote the ideal Ker{f). Consider now an Ind-A-module of the form 



L^L^L^--- (2-3) 
where ai is an element of the ideal Ia ■ t^qL. Then Ind-groups 

■kAo a L) — > -kAB a L) — > -kAB a L) — )■ ■ ■ ■ (2-4) 

AAA 

are Ind-trivial, and therefore by Proposition \2.1(A the homotopy colimit L^o = hocolim L satisfies 

i 

B A Loo^*- 

A 

Proof: From the theory of derived tensor products for modules over rmg spectra, as developed in 
[25j . there is a spectral sequence with £'2-term Tor^*"^ (vr^i?, 7r*L) converging to ^T^,{B A L). We 

now have an inductive system of spectral sequences corresponding to diagram 12-41 above, and claim 
that maps in the system are identically zero. To prove this, we must show that any A G /yi • ttqL 
induces the zero map on all Tor-groups. To see this, we write such a A as 



A = y^isAs 



where ig G Ia, and A^ G ttqL. If we can prove that each ig induces the zero map on Tor-groups, 
we will have verified the claim. But this is clear, since multiplication by elements of Ia induce the 
zero map on 7r^:B. Further, the colimit of the spectral sequences converges to the colimit of the 
homotopy groups due to the strong convergence of the spectral sequences which is guaranteed by 
the connectivity hypothes on A and B, which gives the result. □ 

Corollary 2.1 Suppose we are given A,B,L, and I a, are as in Proposition \2.lR and that ei '■ 
L ^ B is a homomorphism of commutative ring spectra so that the diagram 

A L 




B 

commutes. Let II be the kernel o/vro(eL). Suppose further that there is an integer N so that 

I^ C Ia ■ 7ro(T). We suppose we are given an Ind-A-module as in i2-3\) above, but with the 

assumption that Oj E II rather than that ai G I a- Then the Ind-groups in \2-4^ are trivial, and 

we again have that B A Too — * 
A 

Proof: We note that any A^-fold composite in the system (l2-4p has its image in I a ■ tto{L), and a 
standard cofinality argument gives the result. □ 
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3 Totally torsion free groups 



We say a profinite ;>-group G is totally torsion free if for every subgroup K C G the quotient group 
K/[K,K] is torsion free. Free abelian pio-p groups and free pro-p groups are totally torsion free, 
and free products (in the category of profinite pro-p groups) of totally torsion free pvo-p groups are 
totally torsion free. However, the condition is quite restrictive, as the following example shows. 

Example: The 2-adic Heisenberg group, i.e. the group of 3 x 3 upper triangular matrices with 
entries in Z2 and ones on the diagonal is not TTF, although it is easily seen to be torsion free. To 
see this, we note that the subgroup of matrices of the form 

' 1 2k I ' 
1m 
1 _ 

has abelianization isomorphic to 

Z2 e Z2 e Z/2Z 

The matrix 

"10 1" 

1 
_ 1 _ 

is not a commutator, but its square is. 

Proposition 3.1 Let k he a field containing all roots of unity, with separable Galois group G^- 
Then Gk is totally torsion free. 

Proof: It clearly suffices to prove that G^^ is torsion free for all fields k containing all the roots 
of unity. Kummer theory (see e.g. [19], §VI.8) tells us that is the Galois group of the infinite 

extension k""^ = Um^CC^*)")' ^"^^ therefore that any non-identity element g G G^'' acts non- 
trivially on an element of the form "^/k for some m and k ^ k. Suppose now that (7" = e in G^^. 
We have g ■ a/k = "y/K for some C G fj,fn{k). Now choose any n-th root ^ of ^/k. We see that 
g ■ ^ = T]^ for some mn-th root of unity r/ satisfying r/" = C,. Now, • ^ = r/"^ = 7^ ^! which 
contradicts the assumption that g is n-torsion. □ 

Remark: This structural property of Galois groups will allow us to identify completion construc- 
tions based on representation theory with if -spectra of certain pro-schemes which appear to be the 
algebraic geometric version of the classifying space construction in topology. It would be interesting 
to consider how this property relates with the Bloch-Kato conjecture. 

Divisibility properties of ideals in representation rings turn out to be of importance in the analysis 
of the conjectures which we will be discussing. We record for use in future work one particular 
property of the representation rings of totally torsion free ^-profinite groups. First, consider the 
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representation ring defined as the cofimit of the rings i2[Z//"Z]. Let / C i?[Z/] denote the 

augmentation ideal. 

Proposition 3.2 We have that I /l"^ is a l-divisible group, and that = /'^+^ for all k. 

Proof: We first observe that since complex representation rings of finite abelian groups are isomor- 
phic to the group rings of their character groups, we have that R['^i] is isomorphic to the group ring 
Z[Cioo], where C^oo is the infinite union of the groups Z/"Z. It is a standard result for any group G 
that in the group ring Z[G], the augmentation ideal I[G] has the property that /[G]//[G]^ = G"''. 
Since Cioo is abelian, we find that I/I^ = C;oo, which is /-divisible. For the second statement, we 
note that /^/j'^+i is a surjective image of I/I^ (8) ... (8) ///^. But it is clear that C;oo Ci^ = 0, so 

^ V ' 

k factors 

jkjjk+i ^ Q_ g.^gg ^j^g result. □ 

Corollary 3.1 We have that {{I) + I)^ = (l^) + I. Equivalently, for any element 9^1, and any 
positive integers s and t, there is an r] ^ I and fi ^ so that 

9 = l'r] + fi. 

Proof: We have 

((/) = S = (Z^') + I'^'^I + I^. 

But EJ] implies that + 1^ = I, which gives the result. □ 

Recall that the representation ring of a finite group is not just a ring, but is actually a part of a 
Green functor. See [3] for a thorough discussion of these objects. A Mackey functor for a group G is 
a functor from a category of orbits to abelian groups. In the case of the representation ring, there is 
a functor TZ given on orbits by Tl{G/K) = R[K]. The maps induced by projections of orbits induce 
restriction maps on representation rings, and transfers induce inductions. This functor is actually 
a commutative Green functor, in the sense that there is a multiplication map TZOTZ — )• TZ, which is 
associative and commutative. Also for any finite group G, there is another Green functor Z given 
on objects by Z{G/K) = Z, and for which projections of orbits induce the identity map and where 
transfers associated to projections induce multiplication by the degree of the projection. We may 
also consider Z jlZ, which is obtained by composing the functor Z with the projection Z — )• Z/ZZ. 
The augmentation is the morphism of Green functors TZ ^ Z which is given on an object G/K 
by the augmentation of i?[-ftr]. The mod-Z augmentation e is the composite TZ ^ Z ^ Z jlZ. The 
theory of Green functors is entirely parallel with the theory of rings, modules, and ideals. We may 
therefore speak of the augmentation ideal X and the ideal ^7 = (/) + X, as well as the powers of 
these ideals. We can therefore also speak of completion at a Green functor ideal. We also observe 
that the theory of Mackey and Green functors extends in an obvious way to profinite groups, by 
considering the category of finite G-orbits. T 
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Proposition 3.3 Let G be a totally torsion free l-profinite group. Then the natural map TZj — )• Zf" 
is an isomorphism. Consequently, for G the maximal pro-l quotient of the absolute Galois group of 
a geometric field, we have that VJj = Zf" . 

Proof: We will verify that lZj{G/G) — Z["{G/G) is an isomorphism. The result at any G/K 
for any finite index subgroup will follow by using that result for the totally torsion free group K. 
It will suffice to show that for every finite dimensional representation p of G/N, where is a 
normal subgroup of finite index, and every choice of positive integers s and t, there are elements 
X G 1Z{G/G) and y € X*(G/G) so that [dimp] — [p] = Px + y. We recall Blichfeldt's theorem 
[26], which asserts that there is a subgroup L of G/N and a one-dimensional representation pi 
of L so that p is isomorphic to the representation of G/N induced up from p^. It follows that 
[dimp] — [p] = i^^^ {I — pl). Let L denote the subgroup ■k^'^L C G, where ir : G ^ G/N is the 
projection, and let pj^ = plot:. Then we clearly also have [dimp] — [p] = — p-£). Now, \ — pj^ 

is in the image of R[L"'^] — )■ R[L], and let the corresponding one-dimensional representation of 
be Pj-ab. Since L is abelian and torsion free (by the totally torsion free hypothesis), we may write 
1 — p—ab = l^^ + r], where r] G P{L"'^) and where G R[L"'^], by Corollary 13. li This means that we 

may pull ^ and rj back along the homomorphism L ^ L , to get elements ^ G R[L] and fj G 

so that pj^ = l^^ + fj. Since X* is closed under induction, we have that ij^{r]) G Now we 

have that [dimp] — p = ^^(1 — Pj;) = p^ij^S, + ij^rj. The result follows. □ 



4 Actions on schemes 



Let k be our fixed separably closed field, and let L be any abelian group. L can be regarded 
as a discrete group scheme (see [33]), and we denote this scheme by We let Gm denote the 
multiplicative group scheme. For any set X and scheme Y, we let F{X, Y) denote the scheme 
of functions from X to Y. This can be viewed as the inverse limit in the category of schemes 
over the discrete category with object set X, of the constant functor with value Y. Let G be any 
commutative group scheme. Then we will also write Hom(L^,G) for the subscheme of F{L,G) 
consisting of the homomorphisms. Of course, Hom{—,G) defines a contravariant functor from 
abelian groups to the category of commutative group schemes. 

We next consider automorphism groups in this context. The group k* acts on Gm{k) by trans- 
lation. Consequently, for any abelian group L, we have an action of the group Hom{L,k*) by 
automorphisms on the commutative group scheme Hom{LP ,Gm{k)), via pointwise action. In 
addition, we have the action of the automorphism group of L, which we denote by GL{L), by 
the formula (7 • f){l) = f{'y~^l). These two assemble into an action of the semidirect product 
GL{L) K Hom{L, k*) by automorphisms on Hom{LP ,Gm{k)), where GL{L) acts in the evident 
way on Hom{L, k*). The following proposition is now a straightforward verification. 

Proposition 4.1 The homomorphism from GL{L) tx Hom{L, k*) to the automorphism group over 
Spec{k) of the commutative group scheme Hom{L^ ,Gm{k)) is an isomorphism when L is a finitely 
generated free abelian group. 
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We now also fix a prime p relatively prime to the characteristic of k, and define a special pro-group 
scheme &m{k) on objects by setting <5mik){n) = Gm{k), and on morphisms by setting ©m(/c)(ni > 
712) equal to the p"'^~^'^-th power map on Gm{k). We write Aut{(5m) for the automorphism group 
of (5m, and we note that it is the inverse limit of a pro-group, defined as follows. Let C Aut{&m) 
be the subgroup of elements {ai}i such that = IdiQ^ for i < n. Each An is a normal subgroup 
of Aut{&rn), and Aut{&rn) is identified with the inverse limit of the pro-group 

> Aut{e>m)/An+1 Aut{(5m)/An ^ Aut{(5m) / An-1 

We define a group U/. to be the inverse limit of the group of special pro-abelian group of fc-valued 
points of &mik) and let C Uk be the inverse limit of the special pro-abelian group of /c-valued 
points of finite p-th power order within Uk, so we have 

_ xp xp xp 

-t — • • • — r /Xpoo — f- ^poo — f- jJpOC 

We observe that there is a homomorphism i : ^ Aut{<8m), which sends an element of U^, which 
can be viewed as a vector of elements {/tj} in k* so that = Ki-i for all i, to the automorphism 
which is given by multiplication by k„ on We now obtain the following counterpart to 

Proposition 14.11 

Proposition 4.2 Given any abelian group L, we may construct the diagram of group schemes 
Hom{L^ , (5m{k)) ■ There is a natural homomorphism from the group Hom{L,Uk) to the automor- 
phism group of Hom{L^ ,&m{k)), and as before, GL{L) also acts by automorphisms on this group. 
The two fit together to provide a homomorphism 9 : GL{L) k Hom{L, Uk) — >■ Aut{Hom{L^ , <5m{k)), 
which has the following properties. 

1. is a continuous isomorphism of pro- groups when L is finitely generated and free. 

2. The subgroup im{Uk) ^ Aut{&m{k)) can be characterized as the subgroup which induces 
the identity on the quotient group A[Hom{L^ ,<6m{k))Y /k*, where A[—] denotes the affine 
coordinate ring functor, and (— )* denotes the units. We will refer to it as the transla- 
tion subgroup. Similarly, we will call the subgroup which induces a permutation action on 
A[Hom{L^ , (5rn{k))]* /k* the monomial subgroup. Notice that this group can be characterized 
as the subgroup which preserves a choice of free generating monoid for the group of units in 
the affine coordinate ring, and consequently extends in a natural way to an affine space. 

We note that GL{L) t<Hom(L, Uk) contains the subgroup GL{L) KHom{L, T^), since is invariant 
under the GL(L) action on Hom{L, Uk). 

Definition 4.1 Let T denote a pro-p group, that is a pro-object in the category of finite p-groups. 
Then by a ©-representation, we will mean a continuous homomorphism from T to the pro-group 
Aut{Hom{L^ , (5m{k))), for some finitely generated free abelian group L. Of course, Hom{LP , <5m{k)) 
is abstractly isomorphic to (dmik)"" , where n is the rank of L. For any & -representation p, we will 
denote by p[k] the representation at level k, i.e. the action of the T on the k-th entry in the tower. 
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Wc wish to define certain one-dimensional ©-representations of F. We suppose tliat we arc given a 
family of continuous /c*-valued one-dimensional fc- valued characters {Xn}, satisfying the condition 
Xn = Xn-i- The group k* is equipped with the discrete topology, so continuity of a character 
simply means that it factors though one of the finite quotients defining F. Together, they yield 
a homomorphism from T into U^, and due to the continuity the homomorphism actually factors 
through Tfc. In summary, a sequence of continuous characters {Xn} of T satisfying the compatibility 
condition Xn = Xn-i defines a continuous action of T on the diagram &m{k), i-e. a continuous 
homomorphism from F to the pro-group Aut{&rn)- It will be called a translation representation 
since it factors through the translation subgroup. Similarly, we will call an action which factors 
through the monomial subgroup a monomial representation. 



Definition 4.2 Let k denote a separably closed field. Then by a x-sequence in k* , we will mean a 
sequence {iJ,i}i>i of elements ofT). so that jjF^ = Associated to a x-sequence {jJLi}, we define 

the one dimensional <d -representation p{{^^i\) as above. 



We now have the following definition. 



Definition 4.3 Let G denote any profinite group, and suppose that we are given a continuous 
action of G on a scheme X , where the automorphism group of X is regarded as discrete. Letting 
K C. G denote any closed subgroup, we say the action is i^-principal if the stabilizer of Gx = K 
for all closed points x ^ X, where Gx denotes the stabilizer group of x. 



We now suppose we have a continuous action of a profinite group on the special pro-group scheme 
Hom{L^, <&m{k)), say p. This means that we have a family of homomorphisms 

Pn-.G^ Aut{Hom{L^ ,Grn{k)) 

so that the diagrams 



xp"i- 



-712 



commute for all g G G and all ni > n2. Let K C G he any closed subgroup. Then we say the 
action p is K-principal if each action p^ '^s K ■ ii'er(/9„)-principal. We record a useful property of 
if-principal actions. 



Proposition 4.3 Let pi and p2 be continuous actions of a profinite group on Hom(L^, and 
Hom{L2,&m{k)), respectively, where Li and L2 are finitely generated abelian groups. Then we have 
the evident product action pi x p2 on Hom{L\ x L2, ^m{k)) = Hom{L\, ©m(fc)) x Hom{L2, <5m{k))- 
Let {e} O K' C. K C. G be closed subgroups. Suppose that pi is K-principal, and that P2\K is K'- 
principal. Then pi x p2 is K' -principal. 
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Proof: Clear. 



□ 



Next, we must consider the process of induction of actions p on &m{k) by subgroups K of finite 
index in F to actions of T on finite products of (3m{k)- Let G be a finite groTip. and let K C. G 
be a subgroup. Suppose further that X is any scheme equipped with a left i^-action. We can 
now consider the scheme F{G,X), which is equipped with a left K-action defined by {k ■ f){g) = 
K,f{K~^g). Its fixed point scheme is the scheme of if-equivariant maps from GtoX, and we denote 
it by F^{G,X). F^(G,X) is now equipped with a left G-action, defined by (7 • f){g) = figj), 
and we write i^{X) for it. It is clear from the definition that this construction extends to ©- 
representations, in the sense that given a profinite group G, a closed subgroup of finite index K, 
and a ©-representation p of K, there is a natural G-representation i^{p) of G. Its salient properties 
are given in the following result. 

Proposition 4.4 Let G be a profinite group, and let K < G be a normal subgroup of finite index. 
Suppose we are given a one- dimensional & -representation p of K, and construct the induced &- 
representation of G i%{p)- Then we have the following. 

• The restriction of i^{p) to K is a translation representation. 

• The restriction of i^ (p) to K is K' principal, where K' is defined as follows. For each element 
7 G G/K , we denote by p^ the result of composing p with the conjugation action of a coset 
representative of ^. Then K' is given by 

K' = ^ Ker{p'^) 
leG/K 

5 Universal pro-schemes 

Let G be any p-profinite group. The monomial ©-representations of G are given as continuous 
homomorphisms p : G ^ S„ x Z^. We let 7^(G) denote the set 

7^(G) = ]J 7^„(G) = ]J Hom''{G, S„ k 

n n 

where Hom^ denotes the set of continuous homomorphisms. We consider the group scheme 

r(G)=n n mG^m=n n (<G-Wpr 

n peTZ„{G) n pe7e„(G) 

r(G) is equipped with a G action where the action on {Gm{k)^)°° is the diagonal action of infinitely 
many copies of p. 



15 



For any finite subset S = {{pi, ki), . . . , {ps, kg)} of the set 71(0) x N, we write T{G;S) for the 
summand 

i 

where Ui denotes the dimension of pi, and where GmC^)^" is the copy of corresponding to 

hi. r(G; S) is a finite product of copies of Gm{k). Further, T{G; S) is closed under the action of G. 
Wc have evident projections T(G; S') r(G: S) whenever S C 5", which are G-equivariant. Let 
J-" = FiJZ{G) X N) denote tlie partially ordered set of finite subsets of TZiG) x N. F°^^ is now a left 
filtering partially ordered set, and therefore the functor S r(G; S) is now a pro-G-scheme, which 
we will denote by £G. For any pro-G-scheme <S, we define K^{S) as the corresponding homotopy 
colimit of ii'-theory spectra. Given any pro-scheme <S, we can define the product pro-G-scheme 
£G X 5 in the usual way. 

Proposition 5.1 Let Q{p) denote the pro-G-scheme associated to any monomial (& -representation 
p. Then the natural map 

K^{SG) K^{£G X g{p)) 

is an equivalence of spectra. 

Proof: Immediate from the definition of £G. □ 
We now need a technical lemma. 

Lemma 5.1 Let G be a totally torsion free pro-p-group, and let T he as above. Let J^p""^ <^ J- he 
the partially ordered subset consisting of those S E J- for which T(G; S) is K-principal for some 
closed subgroup K C G. The J^p""^ is final in T . 

Proof: We must prove that for any 5 G there is a S" G jrprm ^-^j^ S" C S". First, we observe 
that for any ©-representation p : G ^ S„ K Z^, if the projection 

G 4 S„ X ^ E„ 

is trivial, then p is -principal, where K is the kernel of p. This is immediate since the action is by 
translation in the commutative algebraic group. We next observe that it will suffice to prove that 
for every closed normal subgroup iV < G of finite index, there is a principal ©-representation of G 
which is if-principal for some closed normal subgroup K C iV. For, consider any ©-representation 
/9 : G — ^ S„ X Zp. We let iVp denote the kernel of tto p, which is a closed normal subgroup of finite 
index. Let iV^ be the kernel of p itself. If o" is a i^-principal ©-representation with K C iVp, then we 
claim p X 0" is a n iV^-principal ©-representation. To see this, we note that p\Np is A^^-principal 
from the first statement. Further, the stabilizer of any point in p x a must be contained in Np since 
K C Np. The conclusion is that the stabilizer is K fl AT^, which is what was required. 

To construct a ©-representation which is X-principal for some K C N,we assume by induction that 
we have constructed such ©-representations for all subgroups of index less than the index of N. We 
consider the finite list {iVj}|^^ of all normal subgroups of G which contain N properly, and for each 



16 



one we construct a Ki principal (5-representation pi of G, where Ki ^ Ni. The ©-representation 
Pi X /52 X • • • is now i^i n • • • n i^s-principal. We now consider the subgroup N ■ [Ki n • • • H i^s) . This 
subgroup contains A^, and therefore corresponds to a subgroup of the quotient G/N, contained in 
Ni/N r]N2/N D • • • n Ng/N. This group can be characterized as the intersection ^{G/N) of all non- 
trivial normal subgroups in G/N . Since is a closed normal subgroup of the pro-p group G, we 
know that G/N is ap-group, and hence its center Z[G/N) is non-trivial. Hence, a{G/N) C Z{G/N) 
is a central subgroup, which implies that every subgroup of a{G/N) is normal in G/N. By the 
definition of a{G/N), this means that a(G/N) has no non-trivial proper subgroups, and the only 
such p-groups are {e} and 'L/'pL. Consequently, either • [K\ n • • • H Ks)/N is trivial, in which 
case Ki n • • • n Kg ^ A^, and we are done, or it is cyclic of order p. In this case, we are given a 
homomorphism from N = N ■ {Ki n • • • H Kg) to Z/pZ, and therefore a character xi of ^ ■ Since 
the group G is totally torsion free, we find that the N is torsion free, and therefore that the 
character group is divisible. Construct a sequence of characters Xi so that = X«-i) with xi t^is 
previously defined character. This sequence constructs a one-dimensional ©-representation of N , 
which we now induce up to a ©-representation p of dimension equal to the index of A^ in G. We 
claim that the ©-representation p x pi x • • • x is Ker(j)) D {Ki n K2 H • • • H ifs)-principal. This 
follows immediately from Proposition 14.31 because the stabilizer of any point in p x pi x • • • x is 
contained in N, and therefore in A'^ and Ker(j)). On the other hand, it is clear that any element of 
Ker{p) n {Ki n K2r] ■ ■ ■ D Kg) acts trivially, which gives the result. □ 

Let S denote the partially ordered set x N, with the partial order on N being the usual one, 
viewed as a category with a unique morphism m — )• n whenever m > n, and no morphisms from m 
to n otherwise. For any element S = ({(pi, mi), . . . , (p^, m^)}, n), we define a pro-G-group scheme 
\1' by setting 

s 

^{S) = llF(N,Gm{pi[n]))m, 
1=1 

where we recall that for any ©-representation p, p[k] denotes the value of p at level k, and where 
Gm{p[k]) denotes the group scheme on which p[k] acts. The maps in the pro-object are evident. 
We can apply to this pro-G-scheme, to obtain an Ind-object K^^'if), and it is clear from the 
definition that K'^{"^) = K^{£G), since K'^ applied to any ©-representation p is defined to be the 
colimit of K'^(p[k]) over k. We define BG = SG/G to be the pro-scheme obtained by performing the 
orbit space construction objectwise. In particular, the orbit pro-scheme of a ©-representation p is 
the pro-scheme k — )• p[k]/G. There is of course a natural map £G — )• BG, and a corresponding map 
of JC-theory spectra K'^{BG) -f K'^{£G). If we precompose this with the map K{BG) K'^{BG) 
obtained by considering the inclusion of the modules with trivial action into all G-modules, we have 
a natural map 

r? : K{BG) K^{£G) 

Proposition 5.2 Let W he any smooth Noetherian scheme with continuous G-action. Then the 

map K{£G x W) — )• K'^{£G x W) is an equivalence of spectra. In particular, the natural map 

G 

K{BG) — )• K'^[£G) is an equivalence. 

Proof: We prove the case W = *. The extension to more general W is routine. For any S = 
({(/9i,mi), . . . , {ps,ms)},n) S 5, we let N{S) C G be the maximal normal subgroup of G so that 
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the action pi[n] factors through G/N{S) for all i = 1, . . . , s. Let 5' C 5 denote the subset of 
all {{{pi,mi), . . . , {ps,ms)},n) so that there is an i so that the action pi is A^(S')-principal. It 
follows from Lemma 15.11 that S' is final in S, and therefore that the homotopy colimit which 
computes K'^{£G) may be computed over S' instead. There is also a new spectrum valued functor 
functor KP defined on 5', given by — )• K'^/^^^^{T{G; S)[n\), and a natural transformation K.^ — )• 
K'^iT{G; S)), obtained by applying contravariant functoriality of K'^ in G to the homomorphism 
G — G/N{S), together with the homomorphism p — t- p[n]. There is a third functor defined on S', 
which we denote by O, and which is given by O = K{T{G; S)/G). It is equipped with a natural 
transformation (as with rj above) O — )• /C^. The composite O — )• K'^{r{G; S)) can be seen to induce 
an equivalence on homotopy colimit spectra using the finality of S' in S together with Proposition 
12.51 The same finality shows readily that hocolim O is equivalent to K{BG), which gives the result. 
□ 

Finally, we will prove a technical result which will be useful in analyzing completions of K^{£G). 

Proposition 5.3 Let G be a totally torsion free p-profinite group. Then the action of ttqK^ {*) = 
R[G] satisfies I[G] ■ Tr^K^{£G) = {0}. 

Proof: We first observe that the natural ring homomorphism j : R[G] — )• ttqK^^SG) is surjective. 
In view of the colimit definition of K'^^SG), it will suffice to prove that given any homomorphism 
p : G ^ S„ X Aut{Gn,{k)''), the map R[G] K^{Gm{kTp) is surjective. But from the 

homotopy property Theorem 12. H it follows that this map is induced by the map of schemes with 
G-action Gm(A;)p — )• Am{k)^, where Am{k)^ denotes the extension of the G-action p to the affine 
space. This means that the map is the vro-part of a localization sequence for i^T'-'-theory, and 
is therefore surjective. If we can show that j{I[G]) = {0}, we will be done. This means that 
we will need to show that for any representation p of G, we have that [p] — dim{p) vanishes in 
K'^[£G). Blichfeldt's theorem (see [261) tells us that any representation of G is monomial, i.e it 
factors through the subgroup ix (A;*)" GL„(A;). We suppose we are given a representation p 
and such a factorization of it. Associated to the factorization, we have the associated permutation 
representation p obtained by composing the factorization with the projection S x (A;*)" — )• S„. We 
claim that the element [p] — [p] vanishes in K^{£G). Let p denote any monomial representation, 
and construct the corresponding actions on an affine space K^{k)p and on a product of Gm(A;)'s 
Gm(A;)p. We consider the portion 

^oi^(ModG(A-(A:),)*-) A ^oi^''(A"(A;)p) ^ -k^K'^ {G^ikT^) ^ 

of the localization sequence, where Mod'^(A"(A;)p)*°^ denotes the category of all A"(/!;)p-modules 
with G-action compatible with the G-action on A"(A:)p, and which are xiX2 ■ ■ ■ x^-torsion, where 
the Xj's are the coordinates on A'^{k)p in which the representation p is monomial. The homotopy 
property shows that R[G] = 7rQK^{A'^{k)p), so it suffices to show that [p] — [p] is in the image of A. 
We note that in proving this fact, we may now deal with the finite quotient of G which is the image 
of p, so that all constructions can assume that G is a finite p-group, which we now do. In order to 
prove the claim, we need to make a definition. First, we let A be the affine coordinate ring of A"(/c)p. 
It is the symmetric algebra on the representation p, and as such is equipped with a G-action. Let 
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H C G he any subgroup. Let M be any ff-twisted ^-module, and let and ^[-ff]p be the 

twisted A-group rings corresponding to the representation p. Then by the induced module i^{M), 
we will mean the A[G]p-module ^[G]p (8> M. Since p is monomial, there is a corresponding 

homomorphism p : G ^ Let denote the stabilizer of the element 1 G {1, . . . and let 

H = Then the module M = A/xiA is an iJ-twisted A-module. It follows that we can 

construct the G-twisted A module i^(M). On the other hand, we have the resolution 

O^A'%A^M^O 

of i?-twisted A-modules, where A denotes the ring A with its usual i?-action, and where A' denotes 
the cyclic ^-module with the H action afforded by the one-dimensional representation of H on the 
subspace spanned by xi. We may apply to it, to obtain a resolution 

0^^%iA') ^ zg(M) ^ 

of G- twisted ^4- modules. It follows by Quillen's additivity theorem (Corollary 1 of Section 3 of [23]) 
that the element - [ini^')] 

maps to zero in KQ{Gm{k)^)- On the other hand, the homotopy 

property shows that this element is equal to the element [i^{k A)] — [i^{k (8) A')], where in this 

A A 

case can be identified with ordinary induction of representations. This element is now easily seen 
to be [p] — [p] € -R[G]. Note that the special case n = 1 of this result shows that one-dimensional 
representations x satisfy the condition that [x] — dim[x) vanishes in K'~^{£G). To see that this 
result implies that [p\ — dim{p) vanishes in K'^{£G), we assume that p is a representation of minimal 
dimension n (which must be > 1) for which [p] — [/o] 7^ in K^{£G). Consider the representation 
p. It is the permutation representation of G on the cosets G/H, where as above H = p~^(Sn(l)). 
The representation p is therefore decomposable, since it contains the one-dimensional invariant 
subspace spanned by the element XlxeG/H ^- follows that all the indecomposable summands 
{pi, . . . of p have dimension strictly < n, which means that [pj — dim{p^) vanishes in K'^SG) 
by the hypothesis on p. But, this means that 

^[pj] - dim(ft) = [p] - dim{-p) 

i 

vanishes in K^{£G), which implies that [p] — dim{p) vanishes in K^{£G)^ which contradicts the 
choice of p, and therefore gives the result. □ 

Now we consider the diagram of commutative ring spectra 

K^(*) 

r e 

Mp — Mp 

where r denotes the ring map induced by the fundamental class in the sphere spectrum, and e is 
the augmentation. The functorality of the derived completion construction means that the diagram 
induces a map 

p : K^{£G)!} = K^{£G)^ K^{£G)^ 
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Corollary 5.1 The map (3 is an equivalence of spectra. 

Proof: The algebraic-to-geometric spectral sequence (Theorem 7.1 of [5j) and the preceding Propo- 
sition show that it suffices to prove that the map on derived completions (3 : Mp — )• induced 
by the diagram 

Z R[G] 

r e 

¥p ¥p 

is an equivalence for modules M with trivial action by I[G] C R[G], or equivalently which are 
obtained by restricting scalars along the homomorphism e : R[G] — t- Z. In order to prove this, we 
regard the ring R[G] as a commutative ring spectrum, and let Z denote a cofibrant replacement for 
the -R[G]-algebra Z, with algebra structure given by e, in the model category of commutative ring 
spectra discussed in [27j. We have the natural structure map R[G] — )• Z, as well as a homomorphism 
Z — 7- of commutative ring spectra obtained by extending the homomorphism of rings Z — )• R[G] 
to the cofibrant replacement Z. We also have a homomorphism Z — t- Hp which is compatible with 
the mod-p reduction of the augmentation on We now have two monads S and T on the 

category of Z-module spectra, where S{M) = Mp A M and T{M) = Mp A M. Further, there are 

z R[G] 

natural transformations T — )• 5" and S" — )• T induced by the ring homomorphisms Z — )• R[G] — )• Z. 
It follows that the natural transformations of triples induce equivalence on the total spectra of the 
cosimplicial objects of the triples S and T, by Theorem 2.15 of [5j. These total spectra attached to 

5 and T are the derived completions over Z and R[G] respectively. The fact that weak equivalences 
of commutative ring spectra induce equivalences of derived completions now gives the result. □ 

6 Algebraic properties of certain representation rings 

In this section, we analyze some particular properties of the representation rings of certain semidi- 
rect products of symmetric groups with profinite groups of the form Z^. The results of this section 
are the key technical tools which allow us to prove our main results. 

Theorem 6.1 Let k be a field of characteristic p, and let e : A ^ k he an augmented k-algehra 

n 

with augmentation ideal I a- Let G Q G' Q T,n denote subgroups of p-power order. Let B = ^ A, 

k 

equipped with the action of and therefore of G and G' . The algebra B is given the tensor 
product augmentation es, and the algebras B^ and B^ both obtain augmentations by restriction 
of €b, and we denote the restrictions by e^a and e^a' respectively. Further, we let I^a and I^c 
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denote the corresponding augmentation ideals. Finally, suppose that every element in A has a p-th 
root. Then the equality of ideals 

Irg = Ibg' ■ 

holds. 



Proof: We first prove that the /c-algebra B also has the property that every element admits a 
p-th root. To see this, we let 21 denote a /c-basis for A. Then we form the product 03 = 21", note 
that it forms a A;-basis for B, and let G act on 05 via the inclusion G ^ For every orbit 
= {/3i, . . . , j3s}, we let t{o) denote the element /3i + • • • + /S^ G B'^ . It is clear that the elements 
t(o), as ranges over the orbits of the G action on *B, form a /c-basis for i?*^, and therefore that it 
suffices to prove that each element t{o) admits a p-th root in B*^ . We suppose that we are given 
an orbit o, with orbit representative /? € o. Let Gp denote the stabilizer of /3. The group G^ now 
acts on the set {1, . . . , n} via its inclusion into E„, and we let 

{!,..., n} = 5iU52U---U5z 

denote the orbit decomposition of this action. Since Gp stabilizes /3, it is clear that there are 
elements {q;j}j=i, with a G 21, so that 

/3 = aj(i) ® aj(2) • • • <8) aj(„) 

where j{i) denotes the integer so that i G Sj^j^y For each j = 1, . . . , we select an element oij so 
that {ajY = aj. Also, select left coset representatives {^i, . . . ,5^} for the collection of left cosets 
G/Gp. The element 

k 

m=l 

is now clearly an element in B"^ , and it is equally clearly a p-th root of t{o), which gives us the 
claim. We now proceed to the proof of the theorem. 

We consider first the case where G<G' and where the index of G in G' is p. Consider any element 
h G I^G. We let h denote any p-th root of h in B*^ . It is immediate that h G Ibg as well. Now 
construct the polynomial 

^{x)= n (x-v) 

jeG'/G 

Note that the notation V is well defined for 7 G G' /G because b G B^. From the definition of ip, 
it is clear that (p(b) = 0, and that tp is of the form 

i=l 

— T 

where Cj is the i-th. elementary symmetric function in the elements 6 , as 7 varies over all the 
elements of G'/G. Note that Cj G /^c- Since F' = 6, it follows that 

i=l 
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which gives the result in this case. For the general case, we may form a sequence of subgroups 

G = Go c Gi c G2 c . . . c Gt^i oGt = G' 

where each inclusion is the inclusion of a normal subgroup of index p. This is an immediate 
consequence of the fact that G' is a p-group. The result for the general case can now be obtained 
from the case of a normal subgroup via a downward induction on t. We wish to prove that 
I^gq B^^ = I^Gt , and we suppose that we have proved that I^Ot-s B^^ = I^ct ■ We note that the 
case of a normal subgroup shows us that I^Gt_^_i = lQGt_^ . We now obtain 

The induction now proceeds until s = t gives us the desired result. □ 
We now obtain the result which allows us to apply Corollarv 12.11 



Theorem 6.2 Let k he a field of characteristic p, and A an augmented k-algebra in which every 

n 

element has a p-th root. Let G <Z G' Q S„ be an inclusion of p-groups, and let B = ® A he equipped 

k 

with the natural action of and therefore of G and G' . Also equip B with the tensor product 
augmentation. Suppose we have a diagram of augmented (to k) rings 



f 

R^- B^ 

in which vr and vr' are surjective, and so that the kernel 3r of it satisfies = {0} for some 

positive integer N. Then there exists an integer M so that {Ir}^^ Q Ir' ■ R, where Ir and Ir; 
denote the augmentation ideals of R and R' respectively. 



Proof: We begin with r E Ir, and apply vr. 7r(r) is an element of /^g, and can therefore by 
Theorem 16.11 be written as 

where iq £ I^a' and £ B^. Because of the surjectivity of vr and vr', we can obtain elements 
iq € R' and (3^ £ R so that 7r(zg) = ig and vr(/3g) = f3q. Note that iq £ I^i. Consider the element 

By construction 9 lies in 3r. Consequently, by the hypothesis on 3r, we know that 9^ = 0. Let 
M be any power of p which is greater than A^. Then we have 



= 0'' = fim 



^qr - r'' 
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so 

g 

The right hand term is in 1^^/ • R, and since M was chosen independently of r, we conclude that 
{Ir)'^^ ^ Ir' ' Rj which was to be proved. □ 

We will use this result to study certain representation rings. A first step is to study the behavior 
of the mod-p representation rings of certain wreath products. Recall that for any groups G and H, 
with G finite, the wreath product Gl H is the semidirect product G k H'^^'^\ where the G action 
on is by permutation of coordinates. For any group G, we will write 9^p[G] for R[G] Fp. 

Proposition 6.1 Let Cp denote the cyclic group of order p, where p is a prime. Then for any 
profinite group K , we construct Gp I K, with the inclusion i : ^ Gpl K . The then following 
results hold. 

1. The restriction map i* : lHp[Cp I K] — )• 9lp[-fC^] is surjective onto the invariant subring 

d\p[KPfp. 

2. The kernel 3 of i* satisfies 3^ = 0. 

Proof: Consider first the case where K is finite. Then the results of section 4.3 of [T8| show that an 
additive basis of 9\p[Gp I K] can be constructed as follows. Let Irr(K) denote the set of irreducible 
representations of K. Then we have the permutation action of Gp on lrr{K)P, which can then be 
decomposed into orbits, which either consist of one element or of p elements. Letting the orbit 
set be denoted by D, we write D = D(i) U^(p) ^^^^ decomposition. A basis for D\p[Gp I K] is 
now in bijective correspondence with the set D(p) ]J D(i) x Irr(Cp). The correspondence is given by 

assigning to elements {pi, . . . , pp} of D(p) the induced representation i^p {pi), and on D(p) xlrr(Cp) 
by assigning to elements ({p},x) t^is representation {p,x) whose underlying representation is 
0Pp, with the action by Gp given by multiplication by the one-dimensional character x- The 
restriction map i* is now clearly surjective onto the invariant subring 9^p[/CP], which is the first 
result. The kernel ideal is clearly spanned by differences of the form {p,x) ~ {PtXo)i where xo 
denotes the trivial character of Gp. Such elements lie in I^p[Cp] ■ ^p[Cp I K], where 9ip[Gp I K] is an 
9^p[Cp]-algebra via the homomorphism induced by the group homomorphism Gpl K ^ Gp. Since 
the augmenation ideal in lHp[Cp] has trivial p-th power, the second result follows. The extension 
to profinite groups is a straightforward direct limit argument. □ 

Consider a p-Sylow subgroup S{p,n) of Spn. It is well-known that this group can be described as 
an iterated wreath product 

S{p,n) = fGp 

where Gp denotes a cyclic group of order p. We also consider the semidirect product 6{p,n) = 
S{p,n) X Zf. 

Proposition 6.2 The image of the homomorphism i* : d\p[6{p,n)] — )• lHp[Zp ] is the invariant 
subring d\p[7ip // we let 3 denote the kernel of the homomorphism, then 3^" = {0}. 
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Proof: Since 6{p,n) = Cp I &{p,n — 1), a simple induction using Proposition 16.11 gives the result. 
□ 

Corollary 6.1 The ring homomorphism fHp[Sn x Z^] — )• y{p\Lp] has image the invariant suhring 
9^p[Zp]^". Further, its kernel 3 satisfies Di*^ = {0}, where M is the smallest power of p which is 
greater than n. 

Proof: We first observe that a p-Sylow subgroup Sn(p) of S„ is a product of p-Sylow subgroups 
of various subgroups S^i of with the number of factors of the form being the coefficient of 
in the p-adic expansion of n. Further, the actions of these subgroups are on disjoint blocks in a 
decomposition of the set {1, . . . , n} into blocks of size powers of p. This means that the semidirect 
product T,n{p) X decomposes into a product 

a 

and therefore that 5Kp[S„(p) k Zp] decomposes into a tensor product 

(g)<np[Sp.4p^")><zf ] 

a 

Proposition 16.21 applies to each of these factors, which means that the image of the ring homomor- 
phism <Kp[S„(p) x ZJJ] ^pl'I'p] is the ring of invariants ^p[Z^f^^P\ Further, it is now immediate 
that the M-th power of the kernel of this homomorphism is trivial. Xhe result for $Hp[Sn x Z"] 
itself now follows by a simple transfer argument since the index of the p-Sylow subgroup in S„ is 
prime to p. □ 

Corollary 6.2 Let n be a positive integer, and let k and I he positive integers so that k + I = n. 
The the homomorphism lHp[(Sfc x S/) x Z^] — )• 9^p[Zp] has image equal to the invariant suhring 
£Hp[Zp]^'=^^', and there is an integer M so that the M-th power of the kernel ideal is = {0}. 

Proof: Immediate from Corollary 16. H since this example is simply a tensor product of two of the 
examples to which it applies. □ 

Corollary 6.3 Let n,k, and I be as in the preceding corollary. Then lHp[(Sfc x T^) x Z^] becomes 
an 9^[S„ X Zp]-algebra under the ring homomorphism induced by the inclusion (Sfc x S/) x Z^ — )• 
S„ X Zp. We let ![—] 5^p[— ] denote the augmentation ideal. Then there is an integer M so that 

/[(Sfe X S;) X z;']*^ c X z;] • d\p[{^k x S/) x z;] 

Proof: This is a direct application of TheoremESl with R = 9^p[(Sfc x S,) x Z^], R' = lHp[S„ x Z;j], 
A = lHp[Zp], / is the homomorphism induced by the inclusion (S^ x S^) x Zp S„ x Zp, and where 
vr and vr' are the homomorphisms induced by the inclusions Zp ^ (S^ x S/) x Zp and Zp S„ x Zp 
respectively. That the hypothesis of Theorem 16.21 is satisfied is guaranteed by Corollary 16.21 □ 
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7 Equivariant i^'-theory for certain torus actions 

Let A"(/c) = Spec{k[xi, X2, . . . , Xn]) be the n-dimensional affine space over k, with explicit choice of 
coordinates Xj. Of course, Theorem 7 of f23] tehs us that K{A"') = K{k), but it wih turn out that a 
certain filtration of K{A^) will be useful. Let /S C {1, 2, . . . , n} be any subset, and let p{S) denote 
the prime ideal Tis,zs{xs), and let Il{S) denote the collection of prime ideals {p(T)\T D S}. We will 
let Ag(A;) denote the subscheme A'^{k) — Uses^(^s)' where V{xs) denotes the hyperplane defined 
by Xg, and A^{k) denote the subscheme {(xi, . . . = for z ^ S}. We also let Nil(Ag(A:)) 

denote the category of coherent A^(fc)-modules on which the generators {xi}i^s ^-ct nilpotently. 
We let Mod(n) = Mod(A"'(fc)) denote the category of finitely generated A"'(fc)-modules. For any 
< i < n, we let Modj(n) denote the full subcategory of A^-modules M for which the set of 
associated primes Ass{M) is contained in the set 

See [9] for a discussion of associated primes. Similarly, for any set S of cardinality i, we define 
Modi+i(n) C Modi{n; S) C Modi(n) to be the full subcategory on the modules M for which 
Ass{M) C p{S) U Hi+i- We clearly have an increasing sequence of subcategories 

Modn(n) C Mod„_i(n) C • • • C Modi(n) C Modo(n) = Mod(n) 

Further, each inclusion is the inclusion of an abelian subcategory, and it is clear from the discussion 
of quotient abelian categories in |29] that the quotient Modj(n)/Modj+i(n) can be analyzed as 
follows. For each S with #(5) = i, we may consider the inclusion is : Modj(n; S) ^ Modi(n), and 
therefore the inclusion of subquotients js '■ Modi(n; S')/Modi+i(n) ^ Modi(n)/Modi+i(n). We 
may then sum over all S of cardinality i and apply iiT-theory to obtain 

V is: V K{Modi{n;S)/Modi+i{n))^K{Modi{n)/Modi+i{n)) (7-5) 
#{S)=i #{S)=i 

This functor is an equivalence since as in the proof of Theorem 5.4 of |23j it can be checked that 
the underlying functor is an equivalence of categories. Further, there is a natural equivalence of 
abelian categories 

Mod,(n;5)/Modi+i(n) ~ Nil(A|(A;)) 

where S = {1, . . . ,n} — S , and hence equivalences of JC-theory spectra of these categories 

K{Modi{n;S)/Modi+i{n)) ~ i^(Nil(A|(A;))) ~ K {Mod(A^{k))) 
The second of the equivalences is proved as in j23j by the devissage principle. 
It is further clear from Section 12.21 that all the spectra 

K{Modi{n)),K{Mod^{n■,S)), and i^(Nil(Ag(A;))) 
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are module spectra over the commutative ring spectrum i^(A"(A;)), that all the inclusion and re- 
striction functors induce maps of ii'(A"(/i;))-module spectra, and therefore that the quotient spectra 
K(Modi(n))/K(Modi+i(n)) are also i^(A"(A;))-module spectra. It is also clear that K{Wil{A'^{k))) 
is naturally a K {A'g(k))-module spectrum, in a way which extends the iir(A"(fc))-module structure 
via the map of ring spectra i^(A"(fc)) — )• K{A'^{k)). Moreover, it is clear that the decomposition 
of spectra 



K(Modi(n))/K(Modi+i(n))^ \/ i^(Nil(A|(A;))) ^ \/ K (Mod{A^{k))) 

#{S)=i #{S)=i 

given by the homotopy inverse to the map V#(5)=i -^(js) from [7^ above is also an equivalence 
of i^(A"'(A;))-module spectra, where the K{A'^{k)) action on the summand K(A^{k)) is the one 
obtained by restriction of scalars along the map of ring spectra K{A"'{k)) — t- K{A'g{k)). 

We also wish to examine the behavior of the filtration and the decomposition of the subquotients 
under certain maps between afhne spaces. We let X and Y denote copies of the scheme A"(/c), 
and let f : X ^ Y be the power map given on coordinates by /'^(xi, . . . , Xn) = (x^, . . . ,Xn)- Let 
Xs and Ys be the schemes obtained by removing the hyperplanes corresponding to the elements 
of S. Let Xs ^ Xs and Ys ^ Ys denote the subschemes in which the variables {xjjj^^ are equal 
to zero. Given any other Noetherian scheme W, we will also write Nil(X5; W) and Nil(l5; W) for 
the full subcategory of modules on which the coordinates {xi}i^s ^ct nilpotently. We will write 
Modi(X) and Modj(y) for the subcategories above in each of the two cases. It is clear that these 
subcategories are respected by the restriction map along the map f^. We can now summarize the 
above discussion in the following Proposition. We also want to analyze the product of the affine 
spaces in question with a fixed scheme W, and we will write K{X; W) for K{X x W). 



Proposition 7.1 Let X and Y be copies of the affine scheme A"'{k), and let : X ^ Y be 

the power map defined above. Let W denote a fixed scheme. The K{X;W) (resp. K{Y;W))- 

module spectra K{Modi{X;W)) K{X;Wy and K{Mod,{Y;W)) = K{Y;Wy yield filtrations 
of K{X;W)(resp. K{Y : W))-module spectra, with K{X;Wf = K{X;W) and K{Y;Wf = 

K{Y;W). The map K{Y;W) — '+ K{X]W) respects the filtration in the sense that there are 
evident maps K{Y] Wy — )• K(X; Wy, so that the diagrams involving inclusion maps and the maps 
K{f'';W) all commute, yielding induced maps of subquotient K (Y ■,W)-module spectra 

K{Y- wy/K{Y- wy+^ -+ K{x; wy/K{x- wy+^ 

where the K{Y\W) -module structure on K{X]Wy / K{X;Wy^^ is obtained by restricting scalars 
along the map of ring spectra K{Y;W) — t- K{X;W). The subquotients are themselves decomposed 
as 

K{X;Wy/K{X;Wy+^ ^ \J i^(Nil(X^; H^)) ^ \J K(Xg;W) 

#{S)=i #{S)=i 

and 

K{Y;Wy/K{Y;Wy+^ ^ \/ K{Wil{Y-g;W)) ^ \/ K(Y^;W) 

#iS)=i #{S)=i 
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where the decomposition is as K(Y;W) -module spectra. The summands corresponding to S for X 
(resp. Y) are equipped with a fixed extension of the K(X;W)(resp. K(Y;W)) -module structure to 
a K(X^;W)(resp. K(Y-g;W))-module structure. The subquotient map induced by fq respects this 
decomposition of K{Y;W) -module spectra, and on the summands corresponding to S, it respects 
the extended module structures in the sense that the map K{Nil(Y-g;W)) — )■ KQ>lil{X^;W)) is a 
map of KiYg] W)-module spectra when K(Nil(X-g; W)) is regarded as a K{Y-g; W)-module spectrum 
via the ring spectrum map K{Y-g; W) — t- K{X-g; W). 

We next begin the analysis of how this filtration works equivariantly. Given X = A"(fc) as above, 
with coordinates {xi, . . . , Xn}, there is an inclusion $]„ix (fc*)" ^ Aut{X). Let p : G ^ S„x (A;*)" be 
any homomorphism, and let p : G — )• S„ denote the corresponding permutation representation. The 
map p now gives an action of the group G on the scheme X, and therefore on the module category 
Mod(X). It is clear that the filtration of Mod(n) by the subcategories Modj(n) is invariant under the 
action defined by p, and we therefore easily obtain a filtration of Mod'^(X) by Serre subcategories 
Modp(X). We will have several categories of X-modules which are closed under the action of G 
or of subgroups of G. For each such category, we can then denote its equivariant version with the 
superscript G, and define its equivariant i('-theory as the X-theory of the equivariant version of 
the category. For instance, we will write K'^{Modi{X)) for K{Modf{X)). We now identify the 
subquotients Modf (X)/Mod^i(X). We define Xi to be the scheme 

n 

#{S)=i 

We equip this scheme with a G-action as follows. Let Vi denote the set of subsets of {1, ... , n} of 
cardinality n — i, and let 

Pi = oi U • • • U Ot 

be an orbit decomposition, with orbit representatives S*; € o^. Let Gi denote the stabilizer of Si in 
G. Then we may construct the scheme with G-action 

IlGxX^, 

I ^' 

and define (uniquely) an equivariant map 

l[GxXs,^X 

I 

by extensions of each of the G^-equivariant inclusions Xsi — ?• X. This map clearly gives an identi- 
fication of G X Xsi with Xn-i, and we have therefore defined a G-action on X„_j. Further, we 

Gi 

let Xn-i denote the subscheme Y[^(^g^^n-i -^s, and define a subcategory Nil(X„„j) of the category 
of all finitely generated X„_j-modules as follows. A finitely generated X„_j-module M is simply a 
choice of Xs-module Ms for each C {1, . . . , n} of cardinality n — i. Nil(X„_i) is defined to be 
the category of all M so that Ms G Nil(X5) for all such S. 

By an argument again entirely parallel to that in the proof of Theorem 5.4 of [23j, we have that 
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ir(Modf (X)/Modf+i(X)) ^ i^G(Nil(X„_i)) 

For each orbit O;, we let Xg^ denote the corresponding subscheme of Xi, and similarly for X„^. The 
category Nil is of course closed under the G-action, and there is an evident equivariant decompo- 
sition of categories 

m\{Xn-i) = l[m{x„,) 
I 

and therefore a decomposition of ii'-theory spectra 



i^(Mod^(X)i/Mod^(X),+i) K^imiiXo^)) ^\jK^iXo,) 

1=1 1=1 

Given a Noetherian scheme W with G-action, one can by analogy with the non-equivariant case 
construct categories Modf{X, W) and Nil'^(Xi; W) as well as the subcategories Nil'^(Xo,; VF), along 
with the corresponding K-theory spectra, and obtain a parallel decomposition 



KiModfiX; W)/Modf+^iX; W)) ^ \/ i^^(Nil(X„, ; W^)) ^ \/ K''{Xo,;W) 

1=1 1=1 

We now wish to describe the behavior under the power maps described above. Wc let X and 
Y denote copies of A" (A;) equipped with actions by a profinite p-group G via homomorphisms 
Px,Py : G — > k (/c*)" as above, and we assume that the power map : X ^ Y is given as above, 
and further that the actions of G on X and Y are compatible with this map in the sense that is G- 
equivariant when X and Y arc equipped with the actions px and py, respectively. It is immediate 
from this assumption that the composites G ^ S„ k (/c*)" — )• S„ and G ^ S„ x (fc*)"' — )• E„ 
are identical. We will let Modf{Y;W), mi'^ {Yo^■,W), Yo^, and be defined by analogy with 
Modf (X; W), m\^{X,^;W), X„,, and Xp, 

Proposition 7.2 Let X and Y and : X Y as above, and let W denote any fixed scheme with 
G-action. The {X;W) (resp. {Y ; W)) -module spectra K'^ {Mod,{X ; W)) '^=" K'^{X;Wy 
and K'^{Mod^{Y■,W)) = K'^{Y;Wy yield filtrations of K^{X;W)(resp. {Y-W)) -module spec- 
tra, with K^{X;Wf = KG{X-W) and K^{Y-Wf = K^{Y-W). The map K^{Y;W) ^""^^^ 
K^{X; W) respects the filtration in the sense that there are evident maps 

so that the diagrams involving inclusion maps and the maps K^{f^\W) all commute, yielding in- 
duced maps of subquotient K^{Y;W) -module spectra 

K^{Y- wy/K^{Y- wy+'^ K^ix; wy/K^{x; wy+^ 

where the K^{Y;W) -module structure on K'^{X;Wy /K^{X;Wy'^^ is obtained by restricting 
scalars along the map of ring spectra K'^{Y;W) — >■ K'^{X;W). The subquotients are themselves 
decomposed as 
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t t 
K^{X- Wy/K°{X; Wf^^ ^ \l K^{m\{X„^-W)) ^ \l K^i{Wi\{Xsi;W)) 

1=1 l=\ 

and 

t t 
K^{Y-Wy/K^{Y-Wy+^ K^{Wi\{Yoi;W)) ^ K^i{Wi\{Ysi\W)) 

1=1 1=1 

where the decomposition is as K'-' {Y;W) -module spectra. The summands corresponding to Oi for X 
(resp. Y) are equipped with a fixed extension of the K^{X;W)(resp. K^{Y;W)) -module structure 
to a K^[Xoi ; W)(resp. K'-'{Ycn ; W) )-module structure. The subquotient map induced by fq respects 
this decomposition of K^{Y\ W) -module spectra, and on the summand corresponding to o, it respects 
the extended module structures in the sense that the map K'^(Nil(Ypj ; VF)) — )• K*^(Nil(X|,; ; W^)) is 
a map of K^(Yo;W) -module spectra when K^(Nil{X(n;W)) is regarded as a K^(Yoi;W) -module 
spectrum via the ring spectrum map K^{Yg^ ; W) — )• K'-^(X(,^ ; W) . Finally each of the module spectra 
K'-' (Ni\{Ycn;W)) (respectively K*^ (Nil{X(n);W) ) are free and cyclic as K'^{Y(n;W)- (respectively 
K'-^{Y(h ; W) )-module spectra, and the map K^-'i (Ys, ; W) ^ K^'i {Xs, ; W) induced by is clearly 
equal to the map induced by the power map Xs^^ Ys„^ . 

Proof: Everything in the proposition is clear from the previous discussion perhaps the free and 
cychc properties of the modules K'-'(Nil{Yg^;W)) and K'^(Nil(Xo( ; VF)). For X, this follows from 
the following commutative diagram. 

kG(Xo,;W) 




K^'ix.^w) K(^{mi{Xor,w)) 

The left hand vertical map is the map of ring spectra induced from the evident projection of G- 
schemes Xg^ — > Xg^ . It induces an equivalence on K-theory spectra from the homotopy property for 
ET'-'-theory. The diagonal arrow, on the other hand, is induced by the inclusion of the subcategory 
of -modules on which the nilpotence condition is strengthened to one which says that the subset 
of variables which are required to act nilpotently to be an object of Nil(Xo, ; W) are instead required 
to act identically by zero. This inclusion is also a weak equivalence due to the devissage theorem. 
It follows that the bottom horizontal arrow is also an equivalence. □ 

Finally, we record how the decompositions behave under change of groups homomorphisms. Of 

course, when we have a group homomorphism f : G ^ H and a smooth Noetherian scheme W with 
iJ-action, there is a naturally defined map of commutative ring spectra [X; W) : K^{X; W) 
K^iX;W). 
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Proposition 7.3 Let f : G ^ H be a group homomorphism, and suppose we have an action of H 
on X = K^{k) via a homomorphism p : H ^ S„ x (k*). Then there are naturally defined maps 
of module spectra {X,Wy : {X,Wy — >• K'^{X,Wy , which commute with all the relevant 
inclusion maps between them. Consequently, there are induced maps between subquotients. We then 
have the H and G-actions on the sets Vi of subsets of {1, . . . ,n} of cardinality = i, and orbit sets 
Q.f and , with the map ft{ : ilp — t- il^. For any o G $7^, there are natural maps 



K''{Xo;W)^ H K^iX^;W) 



and 



K''{mi{Xo;W))^ J] K^{mi{X^;W)) 
of module spectra induced by f. Finally, the diagrams 



K^'iX.-W) 



a;e(nf)-io 



{mi{Xo;W)) 



J] K^{mi{X^;W)) 



commute. 



8 Equivariant ii'-theory of ©-representations 

We now carry out the analysis of the equivariant X-theory of monomial ©-representations. We 
assume that the characteristic of k is not equal to p. A ©-representation p of a profinite p-group 
G is an action on the special pro-group scheme 

g= (• • • ^ GmikT'^ ^ GmikT^' ^ Gmikr'P ^ Gmikr^n 

for some n, where the superscript p is a label indicating the group action, where f^ is the power map 
defined in Section [71 We recall that the representation was constructed as a homomorphism to the 
subgroup of automorphisms of the tower of schemes above given by G-L„(Z) >< C >< {Urn 

A;*)"'. Because the action is monomial, it is clear that the action extends to the special pro-scheme 

A= (• • • ^ A^k) ^ A^fc) ^ A^A:) ^ A^;(^) ^ A^fc)) 

where xp : A„(A;) — t- A„(A;) denotes the map which raises each coordinate to the p-th power, and 
again the superscript p indicates the action. We will write and for the r-th term in the 
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corresponding pro-schemes. Since the G-action attached to p is determined by a choice of group 
action for each individual Gm(fc)"''', together with compatibihties as described in Definition 14.1^ 
we obtain a special Ind-spectrum 



which we denote by K'~'{Q). We define K'~'{A) similarly. We let W denote any scheme with a 
continuous action of the profinite group G, and define K^{A] W) and K^{G] W) as in Section [71 It 
is clear that there is a natural map A : K^{A] W) — )• K^(Q; W). It is also clear from the existence 
of the maps * and Q ^ * that K'^{A] W) and K^{Q; W) are both special Ind- module spectra 
over the commutative ring spectrum K^{*). The ring spectrum K^{*) is equipped with a natural 
augmentation of commutative ring spectra e : K^{*) — t- ]HI(Fp), where IHI(Fp) denotes the mod 
p Eilenberg-MacLane spectrum, regarded as a commutative ring spectrum in the sense that any 
ordinary commutative ring is (see [5]). The goal of this section is to prove that the map 



Hp A {hocolim K'^ {A;W)) Up A {hocolim {g;W)) 

induced by A is a weak equivalence of spectra, where the smash products are derived smash products, 
i.e. where the homotopy colimit spectra are replaces by cofibrant objects in the module category 
over K^{*). In order to do this, we must construct a filtration on K^{A] W) by special Ind-i^'^(*)- 
module spectra. We recall the filtration of categories 



Mod„(n) C Mod„_i(n) C • • • C Modi(n) C Modo(n) = Mod(n) 

from Section [71 It is clearly preserved under the power maps defining A, and we may therefore 
speak of the special Ind-abelian category Modj(^; T^). It is also clear from the definitions that 
K^{g; W) ^ K^{Modn{A; W)) and that K^{A; W) ^ K^(Modo(^; W)). Therefore, it suffices to 
prove that 

Hp A {hocolim (i^^(Modi(^; l^))/i^^(Modi+i(^; 1^)))) ^ * 

for < i < n— 1, since the operation Hp A (— ) respects cofibration sequences of -R'*^(*)-modules, 
and since homotopy colimits of spectra also preserve cofibration sequences. 

Let cr : G — )• S„ denote the permutation representation associated to p. As in Section [71 we consider 
an orbit decomposition of the set Vi of subsets of {1, . . . , n} = {oi, . . . , Ot}. From Proposition 17.21 
it is clear that we may construct a decomposition 

t 

K^{Modi{A;W))/K^{Mod^+i{A;W)) ^SJ K^{m{Ao,;W)) 

1=1 

where Nil(^pp VF) is the special Ind-spectrum constructed from the summands for the various 
categories Nil(^pj,VF). In order to analyze these special Ind-spectra, we will some concepts. 
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Definition 8.1 Let EI denote a (-l)-connected commutative ring spectrum. Let Alg/M denote the 
category of (-1) connected commutative ring spectra over H, i.e. equipped with a homomorphism 
A ^ M. of commutative ring spectra. By an s3-algehra over M., we will mean a special Ind-object 
in the category Alg/M. We note that the category sInd{Spectra) admits a coherently associative 
and commutative smash product A, by simply applying the smash product objectwise to the functor 
defining the special Ind object. By a module over an s3-algebra {A,{p : A — t- M), we will mean 
an sind-spectrum M together with a map A A M ^ M satisfying the usual conditions defining a 
module. Objectwise, this means that if we are given a special Ind-object {Ri}i>o in the category 
of commutative ring spectra, then a, module over it is a family of spectra {Mi}i>Q, together with 
maps 9i : Mi — )■ Mi^i with each Mi equipped with an Ri-module structure, and so that each map 
9i is a map of Ri-modules if Mj+i is regarded as an Ri-module via restriction of scalars along 
the homomorphism Ri Ri+i of commutative ring spectra. A module over {Ri} is said to be 
quasi-cyclic if each Ri-module Mi is weakly equivalent to a free module of rank one over Ri. A 
quasi-cyclic module {-Mj} over {Ri} is based if we are given specific equivalences of Ri-modules 
Ri Mi. 



The following are readily verified. 

Proposition 8.1 Let TZ and 'Rf_ be s3 -algebras, and let f : TZ ^ 'Rf_ be a homomorphism of s3- 
algebras, then there is an extension of scalars functor ^ A — , taking modules over TZ to modules 

over 'RJ_. It has the usual universality property of this kind of construction, namely if we are given 
an TZ-module Ai, an 'R/_-m,odule A4' , and a homomorphism g : Ai — t- M' ofTZ-modules, then there 
is a unique extension of g to a homomorphism of TZ' -modules 'g '■'El. ^ M M! which restricts to 

g on M. If M_ is a quasi-cyclic TZ-module, then TZ/^ A M is a quasi-cyclic TZ' -module. 

Proposition 8.2 Let TZ and TZ!_ be sO-algebras, and let f : TZ ^ TZ/_ be a homomorphism of s3- 

algebras. Let A4 (respectively Ai' ) be a quasi-cyclic TZ (respectively TZ' )-module, and suppose we 
are given a homomorphism h : Ai — )■ Ai' of TZ-modules. Suppose further that we are given based 
structures for A\ and Ad' , i.e. families of maps of spectra {i/'i : Ri Mi} and {V'' : R'i — > -^/j' 
that ipi is an equivalence of Ri-modules, and ip' is an equivalence of R'-modules. If h is compatible 
with the based structures in the sense that the diagrams 

Ri Mi 
hi 

R!i M'i 

commute, then the natural extension of scalars map TZ^ A Ai Ai' is an equivalence of TZ' -modules. 

Proof: This is straightforward, and we omit it. It is the natural extension of the corresponding 
fact for free cyclic modules over an ordinary ring. □ 
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Example: The main example for us comes from the previous section. The system 




i^^(Nil(Ap W^)) = {K^(Nil(^o ; H^)) ^ K''{mi{Al^;W)) ^ K^(Nil(^2 . ^ . . . | 



is a quasi-cychc module over K'^{Acn',W). These statements follow directly from Proposition 17.21 

Proposition 8.3 Let A ^ M be a homomorphisni of {—!)- connected commutative ring spectra. 
Let I denote the kernel of the homomorphism ttqA — )• ttoBI. Let OS and <t denote sJ-algebras over 
H. Let f : ^ ^ <L he a homomorphism of sX-algehras over H. Suppose further that we are given 
a based quasi-cyclic ^-module SOT, where the based structure consists of equivalences of Bi-modules 
tpi : Bi ^ Mi. Then the based structure on 571 determines a family of elements 5(071) = {oj S 
7ro-Bi}j>i via the equation iTo{9i° '>pi){l) = aj+i7ro('0j+i)(l), where the maps 9i : Mi — )• Mj+i are the 
structure maps for OK. We now have the following results. 

1. S{(S: A OK) = TTo{f)S{m), where 7ro(/)5(OK) denotes the set {vro(/i)(ai)}i>i . 

2. Let the maps pi : Bi ^ -Bj+i denote the structure maps for *B, and let rj : Bi ^ Bj denote 
the composite pj_ipj_2 ■ ■ ■ Pi- Suppose that there is an integer M so that all products 



lie in L ■ vro-Bi+M? for all values of i. Then H A (hocolim TV) ~ *. 

A -i- 

Proof: The first statement is immediate. The second follows directly from Proposition 12.111 □ 
Corollary 8.1 Let {aj}j>i be the set 



which makes sense since the system in question is a based quasi-cyclic module over the s3-algebra 
K'^{Aoi) Proposition \ 7.S\ Of course, ttqK'-^{*) = R[G], vroHIp = ¥p, and the augmentation 
induces the mod p-reduction of the augmentation on R[G], whose kernel we denote Lp[G]. As in 



7 4- A/ / \ 

oii+M ■ r.lj^,^^^{ai+M-i) ■ r. 



.i+M 
i+M-2 



(a,+Af-2)---ri+'''(«^) 



s{K^{mi{Al)) ^ K^^imiAX)) ^ K^{mi{Al)) ^ • • • ) 




for all i, then 



Mp A {hocolim K'^{m\{Aoi,W))) 



for any smooth Noetherian G-scheme W . 
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Proof: For i > 0, we let Pi : K^{Al^) K^{Ai^;W) be the map induced by the projection 
— 7- *. By statement (1) of Proposition 18.31 we have that 

S{K''{miiAl,W)) ^ K''{WiliAl,W)) ^ i^^(Nil(^2 ^ T^)^ ^ . . . ^ 

If 

»i+M • ri+^_i(a.+M-i) • ri+l^_2(«^+M-2) • • • ri+^(a,) E Ip[G] • vroK^(^^|^) 
it follows immediately that 

7ro{pi+M)iai+M) ■ rllM-ii'^oiPi+M-i){ai+M-i)) ■ ■ ■ r|+*^(7ro(pj )(«»)) 

Gl,[G]-noK^{Al+^';W) 
which gives the result by statement (2) of Proposition 18.31 □ 

We now analyze the directed system i^'^(Nil(^oi))- Recall that 0/ is an orbit under the action of 
G on the collection of non-empty subsets of {!,... ,n}. Let Si G O; be an orbit representative. 
Let T,Si ^ T,n denote the stabilizer of Si in If is a subgroup of the form X]^ x Yj^ CI 
with s + t = n. Then the actions of the stabilizer Gsi of Si in G on Asi and on the cate- 
gory Nil(^5j extend to actions of x Z^. By Proposition 17.31 we obtain a change of rings 
homomorphism 7 : K^^i'^'^p {Asi) K'^^i {Asi) of sDi-algebras, as well as a homomorphism 
^Nil . i^ss^xzj^^j^^^j) ^ K^Si{mi{Asi)) of K^S;^^?(^5j-modules. Also by Proposition [731 
K^-^i'^^p (Nil(Asi)) (Nil(^5j) are equipped with based structures over the sJ-algebras 

K'^-^i'^^p (Asi) and K'~'-^i (Asi), respectively, and 7^^^ respects the based structures in the sense of 
Proposition 18.21 

Proposition 8.4 With the data and assumptions of the preceding paragraph, the natural inflation 
map 

K^^i{As,) A K^^i'^^pimiiAs,)) ^ K^^^{mi{As^)) 

is an equivalence of K'^^i{Asi) -modules. Consequently, the set S{K^^i{^\\{Asi)) = {ai,a25---} 
has the property that ai is in the image of the homomorphism 'Kq{K'^'^i ^"^p {A!'g^)) — )■ ■ko{K'~'^i {A^g^)). 

Proof: The first follows directly from the discussion preceding the Proposition. The second follows 
from statement (1) of Proposition [831 □ 

Proposition 8.5 The natural homomorphism 
is surjective. 
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Proof: The group T,Si tx splits as a product 

X = X X St K Z* (8-6) 

where s + t = n. Further, the special pro-scheme A splits as a product of special pro-schemes X 
and 3^, where X is a product of s copies of the system 

jrp j-p 

•••—)• Gm — )• Gjm — )• Gm 

and 3^ is a product of t copies of the system 

jp jp jp 
■ ■ ■ >■ A„ y A„ )• A„ >■ A„ 

where in both cases the symmetric groups are acting by permuting coordinates and the groups 
and Z* are acting by translations in the obvious way. The origin in y is an invariant subspace, 
and we have therefore have the inclusion X x * ^ X x y , and it clearly induces an equivalence 
on equivariant /T-theory by the homotopy property Proposition 12. li In terms of affine coordinate 
rings, the action on X x * can be identified with the action of S^ x Z^ x x Z* on the ring 

Bs = \Jj k[x^ . . . ,Xs where the factor x Z^ acts by permutations and translations in the 
obvious way, and where the factor St x Z* acts trivially. Galois theory of rings, as in [20j, now 
shows that the equivariant i^-theory spectrum is given by 

K^s,^i^-p^X xy)^ K{k[xf\ . . . , ] 0k k[^t X 4]) 



The formula for the iC-theory of Laurent extensions now shows thatTToK^''^i''^p{Xxy) ^ i?[StxZ 
Because of the product decomposition (j8-6p above, it is clear that the restriction homomorphism 
Rl^Si IX ^p] — ^ R[^t IX ^p] is surjective, which is the required result. □ 

Proposition 8.6 Let {/3j}i>i denote the set SiK^^i^'^p {mi{Asi)), 



denote that evident map induced by the map A^^^ — )• *. Let Bi denote the k-algebra k[xf 
Let Pi £ Ipi'^Si X Zp] C Rl'Ssi x Zp] denote the representation 



k Bi 



Then f3i = Vi{pi) for all i. 



Proof: The description of the elements /3i is clear from the definition of the based structures on 
i^'^(Nil(A)) in Proposition [721 The fact that Pi is in Ip follows since the dimension of pi Is p . □ 

Corollary 8.2 Let j* : R[^Si x Z^] — t- R[Gs,\ he the homomorphism induced by the representation 
TiSi X Zp. Then the map 

K^^i{mi{A^Si)) i^^^'(Nil(^1.+^-^)) 
in the direct system Kq^^ (Ni^^^J) induces multiplication by the element j* {pi)j* (pi-^-i) ■ ■ • j*{pi+M) 
in R[Gsi]- This element lies in Ip[Gsi]^^ ■ 
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Proof: Clear. □ 
Corollary 8.3 There exists an integer so that the map 

induces multiplication by an element of Ip[G] ■ R[Gsi] for all i. 
Proof: We note that we have a diagram 

Gs, — ^ scj, X r; 



G 



and therefore a corresponding diagram of representation rings 



-7) 



R[G] 



R[Gs,] 



It fohows from Corollary 16.31 that there is an integer M so that PiPi+i ■ ■ ■ Pi+M S Ip\^n x ^p] • 
R^Si ^ ^p] for all i. It follows that the map 

K^^i{m\{A's^)) i^^s,(Nil(^t+*^)) 

induces multiplication by an element in /p[Sn x ^p] • -^[^5;] on homotopy groups for all i. Conse- 
quently, it induces multiplication by an element of Ip[G] ■ R[Gsi] because of diagram (18-70 above. 

□ 



Corollary 8.4 We have 



Ip A {hocolim K^{m\{Ao))) ~ * 



for all orbits of the action of G on the set Vi of subsets of cardinality i o/ {1, . . . ,n}, where 
1 < i < n - 1. 



Corollary 8.5 The natural map 



Ip A {hocolim K"^ {A;W)) ^ Up A {hocolim K"^ {g^W)) 
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is an equivalence of spectra. It follows that the map 

Up A {hocolim K^{W)) ^Mp A {hocolim {g;W)) 

induced by the projection Q x W ^ W is an equivalence as well. 

Proof: The first part follows immediately from the facts that 

K^{Modo{A); W) ~ K^{A; W) 

and 

The second statement is an immediate consequence of the homotopy property (Theorem l2.ip . □ 

Corollary 8.6 Let p and p' denote monomial (3 -representations of a pro-p group G, and let the 
corresponding pro-G -schemes Q and Q' denote the corresponding pro-G -schemes. Then the natural 
map 



A {hocolim K'^iG)) ^ Hp A {hocolim K'^{g x Q')) 



is an equivalence of spectra, where the map is the one induced by the projection Q x Q' ^ Q. 
Proof: Easy extension of Corollary 18.51 to pro-schemes. □ 

9 The main theorem 

We are now in position to prove our main theorem. 

Theorem 9.1 Let G be a totally torsion free profinite p-group, and let W be any Noetherian scheme 
with continuous G-action. Then the natural map of {*) -module spectra K'~'{W) — t- K^{£GxW) 
induces an equivalence on completions 

K^iW)'^ K^{£G X W)^ 

Proof: Since EG can be viewed as a pro object in the category of pro-schemes, in which every map 
is a projection G x G' ^ G, Corollary 18.51 tells us that the map 

Hp ^ A K^{W) ^ Up A K^iSG; W) 

K'-'{*) K'-'{*) 

is an equivalence, it follows from Proposition 12.81 that the map on completions is an equivalence. □ 

Corollary 9.1 Let G and W be as above, then there are equivalences of spectra 

K^{W)^ ^ K^iSG X W)^ ^ K{£G x W)^ 

G 

well defined up to homotopy. 

Proof: Follows directly from Corollarv 15.11 and Proposition 15.21 □ 
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